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1. Show that following sequences converge as n → ∞, and find their
limits.

(i) an = 1
n2 + 2

n2 + · · ·+ n
n2 , n ≥ 1;

(ii) bn =
√

n(
√

n + 1−
√

n) , n ≥ 1. [10]

2. Show that there is no continuous function f : IR → IR such that
f(x) = c has exactly two solutions for every c ∈ IR. Carefully write
down a discontinuous function f : IR → IR having this property. [20]

3. Fix −∞ < a < b < ∞. Let g : [a, b] → IR be an increasing function.
Suppose g maps [a, b] onto [g(a), g(b)]. Show that g is continuous on
[a, b]. Give an example to show that this need not hold if g is not
increasing. [20]

4. Let f : [a, b] → IR be monotonic, and let α : [a, b] → IR be increasing
and continuous. Then show that f is Riemann-Stierltjes integrable
with respect to α. [20]

5. Let h : [0, 1] → IR be a continuous function. Suppose h(x) ≥ 0 for all

x ∈ [0, 1] and
1∫
0

h(x)dx = 0. Then show that h(x) = 0 for all

x ∈ [0, 1]. [10]

6. State Tayler’s theorem. Use it to prove the binomial theorem in the
form:

(1 + x)n = 1 + nx +
n(n− 1)

2
x2 + · · ·+ xn,

for n ≥ 1 and x ∈ IR. [20]

7. Show that g : IR → IR defined by

g(x) =

{
x2 sin 1

x
x 6= 0

0 x = 0

[10]

is differentiable everywhere, but the derivative is not continuous at 0.
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